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ABSTRACT

¥ The theory of planar near-field measurement is discussed for two

different approaches: The scattering-matrix formulation approach and the

reciprocity theorem approach. The interaction of test antenna and probe

antenna is calculated, in which is taken account of the presence of the

probe used to sample the field distributions since the probe is not

assumed to be ideal (elementary magnetic or electric dipole), it is said

that probe correction is applied.

It is shown that both approaches lead to equal results. The derivation

of far-field antenna characteristics from near-field data is then

discussed and near-future research ftems are shortly mentioned.
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SAMENVATTING

De theorie van planaire nabije veld metingen wordt besproken voor twee
benaderingswijzen: De verstrooiings-matrix-formulering benadering en de
reciprociteits-theorema benadering. De interactie van testantenne en

probe is berekend, waarbij rekening is gehouden met de aanwezigheid van

Page

de probe welke gebruikt wordt om monsters van de veldverdeling te meten.

Daar de probe niet ideaal is verondersteld (elementaire magnetische of
elektrische dipool), wordt wel gezegd dat probe-correctie is toegepast.
Aangetoond wordt dat beide benaderingswijzen tot dezelfde resultaten
leiden. Uiteindelijk wordt de afleiding van verre veld antenne-

eigenschappen uit nabije veld data besproken en onderzoeksgebieden voor

de nabije toekomst worden kort genocemd.




TRO report

w

NN NN NN
W

[E RV I Y

CONTENTS
ABSTRACT
SAMENVATTING
CONTENTS
INTRODUCTION
SCATTERING-MATRIX FORMULATION APPROACH
Geometrical configuration
Expansion in planar waves
Coupling equation
Vector formulation
RECIPROCITY THEOREM FORMULATION APPROACH
Geometrical configuration
Lorentz reciprocity theorem
EQUIVALENCE OF BOTH APPROACHES
FAR-FIELD ANTENNA CHARACTERISTICS
Far-field of Antenna Under Test
Power-gain function
Receiving effective area
RESEARCH ITEMS

CONCLUSIONS

REFERENCES

Page

13
17

20
20
21
27
30
30
31
33
34

35

36




C—— e

TNO report

> > o> >
N e e e e
SHOWwN -

APP.B
B.1
B.2

APP.C

RECIPROCITY (RELATIONSHIP BETWEEN TRANSVERSE RECEIVING AND
TRANSMITTING CHARACTERISTIC)

Reciprocity lemma

Transverse fields

Two-port description of AUT-probe system

Reciprocity theorem

Antenna reciprocity

Relationship between complete transmitting and receiving
characteristic

References
INTEGRAL EVALUATION
Evaluation

References

METHOD OF STATIONARY PHASE

Page

38
38
38
40
43
48

51
56

57
57

61

62

P SIS




TNO report

Page

1 INTRODUCTION

Since the 1970s there has been an increasing interest in near-field
measurement techniques for predicting far-field antenna properties. This
is due to the advantages these techniques offer in comparison with
conventional techniques (far-field, compact range)([l, p.xiv; 2, pp.59%-
596].

In these near-field measurement techniques, the field of the Antenna
Under Test (AUT) is detected in phase and amplitude by a probe antenna,
scanning a surface which is often be only a few wavelengths away from
parts of the antenna structure. The near-field measurement technigue
perhaps most fully developed and most easy to implement is the planar
one and will be discussed in the remainder of this report.

The planar near-field measurement technique, that includes the signal
reception in phase and amplitude by the probe, will be described for two

approaches.

P In the first approach, Kerns [1] uses a scattering-matrix formulation

known from microwave circuit theory. The matrices relate amplitudes and
phases of waveguide modes and expansion coefficients by linear matrix
transformations.

In the second approach, Paris, Leach & Joy [3] use a Lorentz reciprocity
theorem formulation. The AUT and the probe are enclosed in proper
surfaces so that a source-free volume is created. Then, using the
Lorentz reciprocity theorem for a source-free volume, an expression for
the received signal is obtained.

After the description of these two approaches, their equivalence will be
proven and the derivation of far-field antenna characteristics, using

the results of near-field measurements, will be treated. L.

-

~

beo
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2 SCATTERING MATRIX FORMULATION APPROACH

For the scattering-matrix formulation approach, the field of the AUT
will be described as an expansion of plane waves. Before this expansion
is given, the coordinate system of AUT and probe must be given, as well

as some wave parameters in these coordinate systems.
2.1 Geometrical configuration

Figure 1 shows the transmission system set-up for the planar near-field

measurement technique [1, p.598]:

receiving
, antenna
z II
transmitting
antenna Z, <
(4UT) ) -—
7 —_
—
i %
b, z

Yy / scan plane

Fig.l Transmission system set-up for planar near-field measurement

Normally the AUT is operated as a transmitting antenna and the probe as
a receiving antenna. The aperture of the probe is moved over a planar
surface, called the scan plane. Samples of the electric field, generated
by the AUT, are taken in equidistant points, that are arranged in a
rectangular grid. The properties of the AUT are described in a
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rectangular xyz coordinate system with its origin at O, as shown in
figure 1.

The scan plane is placed parallel to the xy-plane at a distance z3>0.
The position of the probe 1is characterised by the point 0', which has
the position vector F 7] with coordinates (xo, Yo zo). The properties of
the probe are described in a rectangular x'y’z’ coordinate system with
its origin at 0' and its x'-, y'- and z'-axis parallel to the x-, y- and
z-axis respectively. When the probe is moved, its orientation and z; are
kept constant while x; and y, are varied.

The antennas are considered as two-port transducers. For the
transmitting antenna one port is placed in the feed line at S, while the
other port is chosen to be at the antenna-aperture. The quantities a,
and b, are phasor wave amplitudes for incident and emergent travelling

i and bi are

waves of a single waveguide mode at S,. The quantities a
spectrum density functions for incoming and outgoing waves as defined in
the following. As indicated in figure 1, primes are used to associate

symbols with the probe.
2.2 Expansion in planar waves

The electromagnetic fields in a source-free, linear, homogeneous,
isotropic medium must satisfy the Maxwell equations (an exp(-jwt) time-

dependence 1is assumed 1) )

VxE~= jwH (la)
VxH = -jueE (1b)
VE=-0 (1c)
VE=0 (1d)

1) Tnis is the opposite of most electrical enginzering formulations, but
i3 used here because it is consistent with the original derivation of
the plane wave theory [2] and is adopted by Newell (4], upon whose
papers much of the work to come will rely"

idvas i




TNO report

Page

so that a general plane wave will have the form:

E = A(k)exp(+jk.p) (2a)

H = () 1k x A(K)exp(+1k.2) (2b)
with:

K- kk=k?+ kyz +k,2 = wPpe (3a)

KA - kA + KA + kA =0 (3b)

in which equation (3b) originates from (le).
The propagation vector k is regarded as a function of its transverse

components kx' ky (which are chosen real). The z-component is thus:

2,2, 2 2,0 2 < 32
2k 2k )  if K24k 2 sk
k, =%y, v - { s kX oty (4a)

'J(kx2+ky -kz) othervise

The transverse part of k will be denoted K, so that K = kxgx + kygy and:

v = k2 - g2y1/2 (4b)

v will be taken positive for K<k, negative imaginary for K>k. In (4a),
+y is associated with a plane wave tcavelling into the positive z-
direction, -y is associated with a plane wave travelling into the
negative z-direction (of course under the condition that y is real).

In virtue of the relation k.A(k) =0, (2) yields just two linearly
independent fields, hence just two basis fields, for any given k. The
basis vectors A (that also indicate the polarization of the E-field
according to equation (2a) ) are chosen to be vectors parallel or
perpendicular to the plane of k and g, which {s the plane of incidence

for a wave incident on any plane z=constant (see figure 2).
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z T plane of incidence

Fig.2 Plane of incidence for a wave incident on plane z=0

The basis fields A are set up with the transverse unit vectors:

K, - E/X (5a)
K -8, xK; (5b)

which are respectively in and perpendicular to the plane of k and a,.
Both vectors K; and K, are in the xy-plane. They are illustrated in
figure 3.
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Fig.3 Propagation vector and transverse unit vectors

The basis vectors, that must satisfy k.A « ¢, are chosen to be: A) = 51
¥ Kv'lgz, which is parallel to the plane of incidence, and Ay = Ko,
which is perpendicular to the plane of incidence. Substituting A; and

13>
~

in (2) gives:

EY - & F Ry la,lexp(+k.D) (6a)
Bli - tn8, x Kjexp(+jk.£); np = we/v (6b)
Ey” = Eyexp(+jk.x) (6¢c)
Hgt = [4ny8, x Ky + K(w#)'lnz]ext:(ﬂk-z):

ng = v/(wp) (6d)
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in which the plus-sign indicates a wave travelling into the positive z-
direction and the minus-sign indicates a wave travelling into the
negative z-direction.Note that (Eli, Hli) represents a TM-wave and (gzt,
Hzi) represents a TE-wave.

The transmitted field E(r) of an antenna in the region z>0 for a
specified propagation vector k, can now be given as a combination of

fields El+ and 32+. So the plane wave spectrum expansion is given by:

@O @

E(D) -J J (b ey k) By * (B + b2 (I k) Ep* (R, ) 1k ey

n

in which the coefficients bl(kx,ky) and bz(kx.ky) are referred to as
spectrum-density functions of outgoing waves.

In order to find an expression for the signal by’, received by the probe
(see figure 1), it i{s desirable to express the radiated field E(r) as
given in equation (7) in terms of zl+(g,;') and §2+(5,;') associated
with the x'y’z’ coordinate system. To do this, use is made of the

relation

L=z +rx (8)

that describes the relation between xyz- and x'y'z’-coordinate system.

This relation is found by inspection from figure 4.
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Fig.4 Derivation of translation theorem

With (8) substituted in (7) it is found that:

E;*(R.p) - E;Y(R.r')exp(+jk.kg); 1-1, 2 €))

and with (9) substituted in (7), the field incident upon the probe is

found
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+k.
E@") -J J (b e ke O Btz +

+jk.

b2l k) 0 Byt gz ek
1 L4 I2
-J f[a M)A £ SIUISICIR ) AJCHESIL S
e (10)
where

'l k) = bl kpdexp(+ik.rg): 1 =1, 2 (11)

are the spectrum density functions of the waves incoming on the probe.
2.3 Coupling equation

A two-port microwave network, as given in figure 5, can be described
with a 'scattering-matrix’, that relates output wave quantities to input

wave quantities of the two-port:

bO - Sooao + 50181 (12a)

in which ag, 8y, bo and bl are incident and emergent wave amplitudes on
the two terminal surfaces, 0 and 1.

Y || e (e [OAD

Fig.5 Two-port microwave network
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SOO and sll are the reflection coefficients of the two-port; 801 and S10
are the transmission coefficients.

The scattering-matrix formulation is not restricted to two-ports, it can
be applied to any N-port microwave-network (N = 2, 3,...).

An antenna is viewed as a multiport transducer, having only one input
port and for each polarisation and direction in space one output port,
This transducer transforms wave amplitudes in a closed transmission line
system to an angular spectrum of plane waves in the space system and

vice versa (see figure 6) [5, pp.5-6].

Fig.6 Antenna as multiport transducer

The scattering-matrix formulation, relating input and output quantities
as defined above, is given by [1, pp.602-603; 5, p.7]:
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@® @ 2
by = Foag + J J } R (i, kydat (i k) dkdky (13a)
-0 - {=]
bk k) = Tl kydag +
® © 2
+[ I } std i kg 1,183 (1,1 )a1,a10
-w -w =l

(13b)

with { referred to as polarization index.

T corresponds to the reflection coefficient at 5; looking toward the
antenna (see figure 1), R1 and Ti are associated with the receiving and
transmitting properties of the antenna, respectively and si+d describes
the scattering properties. Reception from a certain direction (kx,ky)
depends on the scattering in all directions (1x'1y) from an object in
front of the antenna. When primes are used, the same relations are true
for the probe.

Now it is possible to derive a relation between the signal bo'(;o),
received by the probe, and the input signal ay, delivered to the test
antenna. Let T;' be the reflection coefficient when looking from the

probe into its load, then

ao' - Fl'bo' (1l4)
To simplify the analysis, multiple reflections between AUT and probe are

neglected. This means that aj(lx.ly) is assumed to be zero and thus from
(13b):

bl k) = TH K )ag (15)

Substitution of (15) in (11) gives:

2Lk, ky) = agTh iy K Yexp(+1K.50) (16)
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and this equation together with (14) substituted in (13a), provided with
primes for the probe, gives:
® o ‘2
. ’ i 11 -
bg* = Tp'ag +I I / R (kx,ky)a (kx,k},)';lls‘dky
-0 .0 =]
@ @ 2
= [y'Ty'by’ + ‘R'i( k)TL(k, k)
01 P *4g / kyoky X'y’
o -0 j=]
.exp(+jk.zo)dkxdky (17a)
or:
® © 2
ba' % \ R i yric )
o' (£g) ~ P / ky k)T Ky k)
1-Tyly
cw e im]
‘exp(+jk.;0)dkxdky (17b)
L @©
-—20 D( Yexp(+ik.Ln)dk d
1_1‘0;1-1; kxky ple xky
- -w (17¢)
with:
2
Dlierky) = ) Rl k)T k) (170)
i{=1
D(kx,ky) is referred to as the coupling product of the receiving and
transmitting properties of antennas. Equation (17b) is known as the
transmission equation (4, p.10].
| :
' .
t
- ———————————yanii
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Equation (17¢) is recognized as a Fourier transform of D(kx,ky). Sc the
coupling product can be found by taking the Fourier inverse of (17c).
Using the Fourier transform pair as stated by Papoulis [6, p.1]:

f(t) = (25)-1I F(w)exp(jwt)dw; F(w) = I f(t)exp(-jwt)dt (18)

.00 -

Taking the Fourier inverse of (17¢) yields:

1-1yryr [ [
D(k, k) = —720—1—[ Jbo'(zo)exp(-jk-zo)dxodyo (19)

When the receiving characteristic R'i(kx,ky) (1 =1, 2) is known,
Ti(kx,ky) (i = 1, 2) can be obtained with (19) and (174) 2).

With Ti(kx,ky) (1 = 1, 2) the far field characteristics can be found as
will be shown in a forthcoming chapter. Now some compact vector-

formulations for equations derived in this paragraph will be given.
2.4 Vector formulation

The equations derived in the preceding paragraph will now be written in
a more compact vector-formulation that corresponds to the formulation
used in the second near-field approach and that facilitates the

derivation of certain reciprocity theorems.

2) Note that in the theory derived thusfar only one assumption is made:
multiple reflections between AUT and probe are neglected. Further,
due to the presence of the probe characteristic R’" in the above
equations, it is sometimes stated that probe correction of the
measured results is carried out.
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Equation (7) can be written as:

w®w

E(@® = [ I b(R)exp(+jk.x)dE

-0 -@

with b(z) following from (6) and (7):

b(E) - bLEIIE; - kv la,) + b2(RK, -
= bL(E) (k/ylg) () + b2(K)2 1Ck)

The unit vectors gl(k) and g 1(k) are given by [2, p.95]:

2|(k) - Ky x 2y: 8y = Wk
8 1(k) = K,

For K<k, where gl and g8 | are real:

2| (k) - a5(k)
2 1(k) = 84(k)

For K>k, gl and [N become complex, but remain unit vectors

ll-!l - -4 - 1 [2, p.95).

In vector rotation the coupling equation becomes:

Dlky,ky) = B (B).I(E)

It can be shown (appendix A) that for a reciprocal antenna:

B (E).I(E) = -ngn” T’ (-K).T(B);

n = Jle/w)

£ (B £ = (/w1 2/ (g g’ (-B) .£(K)

Page
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(20)

(21)

(22a)
(22b)

(23a)
(23b)

in the sense

(24)

(25a)
(25b)
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T(K) and R(K) are transverse vectors; they include only the components
transverse to the z-axis. The z-component of the complete transmitting
and receiving vector, can be found from the requirement that the
complete vector must be orthogonal to the direction of propagation [4,
p.11].

(K k=0 (26a)
K .k=0 (26b)

‘Complete’ vectors are described by small letters, transverse vectors by
capitals. The reason why equation (25) is derived will become evident in

the next chapters.
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3 RECIPROCITY THEOREM FORMULATION APPROACH

In measuring the field of the AUT, the primary field is altered by the
probe and a true measure of the original field is, consequently, never
attained. However, probe effects can in fact be approximated if no
mutual coupling between antennas is assumed. It is the purpose of this
chapter to derive an expression for the probe compensation, by means of

the well-known Lorentz reciprocity theorem.
3.1 Geometrical configuration

The transmission system set-up for the planar near-field measurement

technique is shown in figure 7 [3, p.375].
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g
y !
. s
"!(:.‘ x . z t.
- SOURCE-FREE
s, voLumE v
2
5=
3
-— L]
L Z
Fig. 7 Probe compensation geometry

The field generated by testantenna A is to be measured by moving the
probe antenna B over the plane surface defined by z=-z;.

Let the source-free volume V be bourded by the closed surface Z,
consisting of the infinite plane S; at z=a, the surface at infinity S,
and the closed surface Zg, surrounding the probe antenna B, operating at
the same frequency as antenna A, but not necessarily at the same time.
Eas' H,, represent the field scattered by the test antenna A, when
generator B is activated; Ebs' Hbs represent the field scattered by the
probe antenna B, when generator A is activated. The current densities

dav dys dagr dpg are defined correspondingly.
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3.2 Lorentz reciprocity theorem

Since the volume V contains no sources, it follows from the Lorentz

reciprocity theorem that [7, pp.24-25]:

]I [(Eg+Eps)X(BytHag) - (Ep+Enq)x(Hg*Hg)].ndS = 0 (27
z

The integral vanishes identically over the surface at infinity, S,. This
is true because the field is a spherical TEM wave on S, [8, pp.92-93]
and the integrand in (27) can be written as:

(k/ (i) ] [ (By+Bp )X (nx(EytEgg)) - (Ep*Egg)X(mx(Eg+Epg))].m (28)

since for a TEM wave [9, p.63]:

H=nlnxE n )= /e = k/(up) (29)

With the vector identity Ax(BxC) = (A.C)B - (A.B)C . equation (28)

becomes:

[k/ () ] [{Eg+Epg) - (By*Eag) 1D - {(Eg+Epg) -B) (By*Eqg) +

- U(EytE,g) - (BgtEps) D + ((Ep+Egg) -m) (Eg+Epg)l-n (30)

This expression vanishes identically, since E.p ~ 0 on §,.
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The surface integral over Zp is best evaluated by introducing the unit
surface normal ng = -B. If the volume VB is linear and isotropic, the
Lorentz reciprocity theorem leads to [7, pp.24-25):

” [(Eg+Eypg)x(Hy*Hgg) - (Ep+Eqg)x(HytHyg)]. (-ng)ds =
EB .

- —I I I[(;b+zas>.<,za+,1bs) - (Eg+Epg) - (Jp+d,g) 1AV (31)
v
B

By definition, the scattered field Eps and the currents J, and J . are
zero troughout the volume Vg. To facilitate the analysis of (31), an
approximation is made now: The scattered field E . is neglected compared

to Eb' This means that the right side of (31) can be expressed as:

A
J J J (Ep-dps - Eq-dp)dV = Py(xg) (32)
A"/
B

This integral is proportional to the open-circuit received voltage of
the probe [3, p.376; 7, pp.94-98; 16, p.1483], thus PB(;O) represents
the measured signal within a constant of proportionality (see equation
47y ).

Equation (27) can now be written as:

J J ((Eg+Epg)x(HytHag) - (Bp+Eaqe)x(HytHyg)).ndS = Py(zg) (33)
50
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In this integral, the terms involving products of primary and scattered
fields vanish identically. For example,

J I (B, x Byg - Egg x H,).ndS = ” {By » Hyg - E;o x B ].ndS -
Sq So*Se

-J I I [Egg-dy - Eg-dpgldV = 0 (34)
V+VB

The last step is true because, within V and VB, the currents ga and gas
are zero by definition; the first step is permissible because the
contribution from the surface at infinity tends to zero.

Terms in (33) which involve only scattered fields will be small compared
to terms only involving primary fields; hence they will be neglected. So

(33) becomes:

I Iu:a X By - By x B,].0dS - Py(zy) (35)
S
0

Further reduction of (35) can be effected by expanding the primary

fields in terms of their wavenumber spectra over the surface Sp (z=a).
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With a time-dependence according to exp(-jwt):

8
8

E,(x,y,a) = I £(K)exp(+jk.x)dK

-0 ~®
L Ly

B (x,y,a) = (wu)'lj .[ls x f(R)exp(+jk.r)dK

-® -

k.f(K) =0

8
8

Ep(R') -J Jz(&')eXP(ﬁk’-z')dK’

B (K') - (um)'lj Ils' x g(K')exp(+jk’.r’)aK’

k'.gK') =0

and (35) becomes:

@W W @ @ ™ @

(36a)

(36b)

(36¢c)

(36d)

(36e)

(36f)

(w#)'IJ J J- J J J.II(K)X(IS'XR(K')) - 8(K)x(kx£(K))].

~® -0 -0 -® -© -~

(-8,)exp(+jk.x + jk'.r')dK’dKkdxdy

37)

Page
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The evaluation of (37) is rather involved and will be presented in

appendix B [10]. It appears that (37) can be written as:

[4«?/@)1] I [£E)x(kxg(-K)) + g(-E)x(kxE(K))) .8 exp(+jk.Ly) =

- Pg(zg) (38)

Using the vector identity Ax(BxC) = (A.C)B - (A.B)C and equations
(36¢c,f) yields:

(872/ (wp) 1J

k,£(K) .2(-K)exp(+]k-Eg)dK = Pg(Eg) (39)

e 11

Equation (39) is recognized as a two-dimensional Fourier transform.

Taking the inverse over the plane z=z, gives (see equation (18) ):

1 1 Ld L
1K) 2B - 7 TJ J Pg(zg)exp(-jk.Ip)dxydyy (40)
Z

“w .00
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4 EQUIVALENCE OF BOTH APPROACHES

From inspection of equations (20) and (36) for the scattering-matrix

formulation approach and the reciprocity theorem formulation approach,

respectively:
E(x) = I Jh(x)eXP(+Jk-z)dK (4la)
Scattering-Matrix Formulation Approach
E(@ - I Ii(x)ew(ﬂk-:)dls (41b)

Reciprocity Theorem Formulation Approach

it follows that

£(K).8(-K) = B(R).p'(-K) (42a)
because:
b(R) - lmzj I E(x)exp(-jk-r)dxdy (42b)

=- £(K)
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with (15) is found:

R(E) - apt(K)

since:

p®) = LB [k/ya| () + P2(B)a 1K)
£® = THE) (k/y]e) ) + 12(K)a 1 (k)

and so (42a) becomes:

£(K).8(-K) = ap?t(K).£' (-K)

Equation (44) substituted in (39) gives (with kzeR):

2, 2
8x ag

PB(IO) - P

Equation (25b) gives:

ﬂok

[ - ) - ——
LR v/ (e/p)

L - ]

kcos?

- -

'K

£(K).£' (-K)exp(+jk.£g)dK

kz -

Page
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(43)

(21)

(A.30)

(44)

(43)

(46)
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and this substituted in (45) with k = w/(ep) gives:

Pp(ry) = 8’r2a02f10] J:'(K)-;(K)exxa(ﬂk-zo)dx -
: 1-Ty'ly’ a
- bxlagly 0T { o
0 “tohl

J J ' (B) .t (K)exp(+jk.r)dK } -

- 8r2agng(l - To'Ty" )by’ (xg) (47)

with bo'(;o) given in (17b,c).
Substitution of (44), (46) and (47) in (40) gives:

2 __ "ok wp 2
£(K).x'(K) ~ 8 (1 - Ty'Ty").
0 e & am? e x, | om0t T o
by’ (£g)exp(-Jk-Ig)dxydy, (48)

or, with (24):

wpf(e/m) (1 - Fp'Ty’)
D , -
(kg Ky) k(2x)¢ ay

I b’ (Kg)exp(-Jk-Eg)dxgdy =

1 -Ty'ly’ T
-———29—L,[ J"o'(lo)exp('ik-ﬁoﬂxodyo (49)
(%3 60
-0 =00

Page
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with D(kx'ky) - (K.’ - I(K).R'"(B).
This is the same result as stated in equation (19) and, consequently,

both approaches are equivalent.

Page
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5 FAR-FIELD ANTENNA CHARACTERISTICS

Now that is proven that both approaches lead to the same results, a
choice in favour of one of the two approaches has to be made. Chosen is
for the scattering-matrix formulation approach. Maybe this approach is a
little less transparent than the reciprocity theorem approach, but it
seems that the scattering-matrix formulation approach is the most widely
adopted one in the area of planar near-field amalysis [1l], obviously
due to the pioneering work done and expertise available at the U.S.
National Bureau of Standards (NBS).

In the remainder of this chapter, equations for the far-field, power-
gain function and receiving area of an Antenna Under Test will be

derived.
5.1 Far-field of Antenna Under Test

The starting point for the derivation of the far-field formulation is
equation (20):

8
8

E(x) - J b(K)exp(+jk.x)dk (50)

With equation (43):

E(@ - aoj J;(B)ew(ﬂk-x)dx (51)
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Normalized to the input signal (ag=1), the E-field becomes:

Ex) ~ J I&(K)exp(+jk-x)dl (52)

By the method of the st:epest descent (known also as the saddle point
method of integration), or, alternatively, the method of stationary
phase, (52) can be approximated in the far field, that is for large r.
As proven in appendix C by the last mentioned method [12, pp.28-38], the
far-field formulation is given by:

+jkr
e z
E@) =~ -janzog(x)———-r—; ko =k —
+jkr
- -JZrkcosﬁz(x)—i—————; k,oER (53)
r

This equation differs from the far-field given by Newell[4, p.19) by a
factor 2x, due to an applied normalization that cancels out this factor
[2, pp.271-274). The equation as stated above is also found in {17,
P-11] and will be used in the remainder of this report.

5.2 Power-gain function

The power-gain function is given by [8, p.43]:

radiation intensit U(e,
Gain = 4nx Y = 4 (.4

(54a)

total input power Pyn
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in which the radiation intensity is given by [8, p.28]:

2
r
U4 =~ IE@I%  n = Jee/w) (54b)

n is the characteristic admittance of the medium.

The total input power Py is given by [13, p.536]:

By, = 1/2 Re(VgIy™) (55)

With [14, p.24]:

Vo - 80 + bo (563)
I = ﬂo(ao - bo) (56b)

no is the characteristic admittance of the antenna. So the input power

is:

By, = 1/2 ngRel(ag + by) (ag* - by™)) -
-1/2 qORe(aoao* - bobo* + ao*bo - aobo*) -
= 172 nglag|? - Ivgl?) (s7)

since ao*bo - aobo* is pure imaginary.

With by = Fpag (T is the reflection coefficient when looking into the

antenna) :

Py = 172 nglagl?@1 - |rgl?) (58)

The power gain is found by substituting (53), (54b) and (58) in (54a)
with ag =1 (because of the normalization of equation (51) ).
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For the gain is found (see also {1, p.606]):

|£(K) |29
{1- |F6T2’"0

G(K) = 16xk2cos26 ;o= J(e/u) (59)

This equation differs from that given by Newell({4, p.19], due to the 2«
difference in the far-field equation.
5.3 Receiving effective area

The receiving effective area of an antenna, that is smaller than the
physical aperture, is related to the power-gain according to [15,
pp.178-179]:

o(R) = [32/(4m))G(K); A = 2x/k (60)

To express the receiving effective area totally in receiving
characteristics, use is made of equation (46), and together with (59)
and (60) this yields:

23216x3k2cos0 |z’ (-K) | 2n2k2n
4x(1-|Tg|%1ngron?

2
' (-B)
- 1616—&;9— o= J(e/n) (61)

(1 - |rgl“im

o(K) =

The difference between the equation (61) and that stated by Newell [4,
p.19] is caused by the 2x-difference in the far-field equation.
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RESEARCH ITEMS

Now, that the theory of near-field measurement is understood, attention

can be paid to the following items:

co_ - and crosspolar reception: The elctric field vectors of AUT

and probe can be split in two orthogonal components. In one
measurement the probe will couple primarily to one of the
components, called the copolar component, the other component is
referred to as the crosspolar component. In a second measurement
with the probe 90 degrees rotated, it will couple primarily to
the other component, then referred to as copolar component. In
order to obtain the desired components in two measurements, first
an appropriate definition of crospolarization has to be stated;
samp,ivp algorithm: First the distance between scanning plane and
areve has be chosen. Then the sample spacing and the number of
sample points must be selected to include the details of the
field in the aperture;

easu v ennas in transmjtting and receiv mode: In
the theory derived before it was assumed that the AUT is
operating as transmitting antenna and the probe as receiving
antenna. For measuring an antenna in the receiving mode, these
roles have to change. It is very likely that the theory, with
some little modifications, will hold true for this situation;
error analysis: In order to draw conclusions from the results
obtained from near-field measurements, a thorough understanding
of possible error sources and their influence on the total
results must be available. Of the three possible error
categories: theory, numerical calculations, and measurement, the
latter will be responsible for most of the errors involved;
pulsed measurements: The consequences of pulsed measurements for
the near-field theory, that is derived under the assumption of

unmodulated Continuous Wave operation, have to be investigated.

4 et
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7 CONCLUSIONS

A successful near-field antenna measurements program requires, besides
careful measurements and computer processing of the data, a reasonable
understanding of the theory involved.

This theory has been covered in detail in this report, following two
approaches, "and can be used as a guide in the understanding of the

theory of planar near-field measurement.

i

Ir. J.G. v. Hezewijk Ir. H.J. Visser
(Project Leader) (Author)
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APPENDIX A RECIPROCITY
To prove is:
nokE' (K) =~ nye’ (-K): 0 = J(e/w) (a.1)
In order to show the validity of (A.1), first the following so-called
reciprocity lemma is proven:
nglag'by - aghg’) -J (2’ (B)b(K) - a(K)b’(K)]n(K)dK (a.2)
K
Al Reciprocity lemma (relationship between transverse receiving

and transmitting characteristics)

Equation (A.2) relates the electromagnetic fields on the AUT-aperture to
the electromagnetic fields on the probe-aperture. To prove (A.2), first
the field description on an arbitrary aperture S, perpendicular to the

z-axis (see figure 1), is given.

A.l1l.1 Transverse field
The electric and magnetic fields E; and H, must satisfy the following

Maxwell equations on S (an exp(-jwt) time-dependence is assumed):

Vv x E. = jwpl, (A.3a)
vxH - -JuweE, (A.3b)
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In the rectangular coordinate system xyz of figure 1, the V-operator can

be divided into a transverse and an axial part according to [Al, p.67]:

Ve = 8, 8/6% + 8, 8/8y (A.43)
v, -a, §/6z (A.4b)

With (A.4) and the fact that Et and Ht do not possess a z-component,
(A.1) can be written as:

a, x 6/6z Et - jwuﬂt (A.5a)
a, x §/6z He = -jweE, (A.5b)
Ve x E, = Q (A.5¢)
Ve x B ~ 0 (A.5d)

The last two equations indicate that Et and Et can be written as,
respectively [Al, p.68]:

E, = g (2)v 0

(A.6a)
He = gp(z)V ¥ (A.6b)
Equations (A.3a,b) implicate:
52/522 B, + k2B, = 0; K2 = wPen (A.7)

and with (A.6a) substituted in (A.7), it is found that gl(z) can be
written as:

gl(z) - Atexp(tjkz) (A.8)
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So for the electric field is found:

E. = AV, 8(x,y)exp(tjkz)

and with (A.5a):

He = Fna, x AV Qexp(tjkz); n = J(e/u)

A.l1.2 Two-port description of AUT-probe system
The Aut-probe system is modelled as a two port, see figure

(A.9a)

(A.9b)
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Fig. Al Two-port model of Aut-probe system

Incident and reflected voltage waves at port n (n=1,2) are given, in
amplitude and phase, by Vn+ and Vn', respectively. Incident and
reflected waves are normalized according to Kerns & Beatty [A2, p.24]

Al)

a =vt b =v- (A.10a)

Al) The normalization is somewhat arbitrary. The results are normali-
zation-independent, as long as the normalization is such that
I/V = g for an incident or reflected wave [A.5, pp.525-526]).
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Voltage and current on the reference planes are given by:

+ -

Vo=V, +V, =(a, + bn) (A.10b)
+ -

I, =C(V," - V') = Cu(ay - bn) (A.10c)

Vn and In are introduced to facilitate the calculations; they are not

available for measurement.

h

The characteristic admittance of the n'! port is connected in a simple

way with C, [A.6, pp.146-147]. To show this connection, let b =0; then:

Vn -a, (A.11la)
In - Cnan (A.11b)
" = 1n/Vq = G (A.1llc)

When the antennas are matched to free-space:

Co =ty =0 (A.114)

The above is now applied to the theory in paragraph A.l1.1 by relating
the voltage to the electric field and the current to the magnetic field:

E, - V V.0 (A.12a)
He = IV,.¥ (A.12b)

Substitution of (A.10) and (A.11) in (A.12) gives:

Ecp - (8, + b )V, 8 = (a + b )e, (A.13a)
Hep = (8, - b )V, ¥ = (a_ - b )b, (A.13b)
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. (A.9) yields:

Bep = na, x By

or, with (A.13):

]
a, + bn
by = » a, - b, % &
. Substitution of (A.10) and (A.11d4) in (A.15) gives:
t
\'J
n
=-n 8, X
by T/n &y
- "2 1n 8, x ¢ -
n
- nzn'lsz x e, =
)
{
§
i
'

(A.14)

(A.15)

(A.16)
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A.1.3 Reciprocity theorem
Consider the two-antenna system of figure A2 (A3, p.95]
Fig. A2 Two-antenna system
In the source-free region, bounded by the surfaces §, So, Sc' Sc' and S

the following Lorentz reciprocity theorem is valid:

I I (ExH -E xH).pdS =0 (A.17)
z

I consists of the (perfect) conducting surfaces S, and S,’, the

radiating surfaces S and S, and the surface at infinity S_.




- - -

TNO report

Appendix A

The contributions from sc and Sc' to (A.17) are zero, because E.=-Qon

S and S;'-Ons,is H=na, xE, and, consequently:

I I (Exi’ - E'xH).pds = nJ I (Exa xE' - E'xa xE).g dS =
Se s

- nI I [8,(E-E') - E'(E.a,) - 8.(E'.E) + E(E'.a;)].a,d5 =
S

©

-0 (A.18)

So for the system of figure A2, (A.17) results in:
J J@txut' - E.'xH.).-a,dS -J J(st'xnt - EcxH.').8,dS (A.19)
Sg S

The primes in this equation are associated with the Probe (see figure
A3).




—
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k4
- e
k
- a
Q.; — . . b
S n =
¢ s
test antenna
Fig. A3 Testantenna-probe system
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On the antenna apertures S and So» the fields E, and H, only depend on
the transverse part of k (K) and the transverse coordinates (x,y). The

integrand on (A.19) can be written as (with reference to figure A3):

EenXBe,' - Epn' e, - I {[a“<x>+bn<x)1[an'<-x)-bn'(-x>1(gnxnn') +
' K

- [ay' (-B) + b’ (-B) ] [8,(K) - bn(s>1(gn'xnn>}dx

(A.15)
- In(;){(an(g)an'(-x)-bn(s>bn'(-x>+an'<-x>bn(x>-an<x)bn'(~x>1.
K

.(gnxgzxgn') +

- lap(B)a,’ (-K)-b (B)b,’ (-K)-a,' (-K)b, (K)+a, (K)b, " (-K)].
.(gn'xgzxgn)}dg -

- J ﬂ(K){[Bn(K)an’(-K)-bn(K)bn'(-K)+ﬂn'(-K)bn(K)-an(S)bn'(-K)]-
K
(ay(en-80") - en'(en-8,)) +
- [ay(R)ay’ (-K)-b ()b, ' (-B)+a, (K)b, ' (-K)-a,' (-K)b,(K)].

lag (e, .e) - s.n(s,n'.g_n))}dx -

- 2;,[ n(K) (2’ (-K)b(E) -8, (K)b, ' (-K) ) [2,-2," 18K (A.20)
K

The dot product [gn.gn'] in the integrand of (A.20) illustrates the
influence of the polarjization.

Page
A.10
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Returning to (A.19), taking reference plane Sy in the waveguide behind

the probe, where K = 0 (see figure A3) and taking reference plane S on
the AUT aperture, equation (A.19) becomes:

J J nglag’by-agby’ 1[eq-0’ 1dxgdyy = J l { I [a’ (-K)b(R) +

So s" K
- a(kK)b’' (-K) In(K)] } ([e.e’]dxdy (A.21)
or:
J. Js-s'dxdy
S
no(ag'bg-agbg’) = [a' (-E)D(K) -a(B)b’ (-K) 1 (K)dK
J J Qo-go'dxodyO K
S
0 (4.22)
Including both polarizations:
J J e.8'dxdy
S
nolag’bg-agbg’) = la' (-E)-B(R)-2(K) -2’ (-K) ]n(K)dK
J%-%'“odyo K
5o
(A.23)

(Note the dot product).

When the medium is isotropic, n is independent of K and can be placed
outside the integral.
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Equation (A.23) is also valid for the situation wherein AUT and probe
are interchanged, with reference planes on the probe aperture and in the
waveguide behind the AUT.

A.l.4 Antenna reciprocity

To derive an equation relating the transverse receiving characteristic
R(K) to the ‘transverse transmission characteristic T(K), use is made of
equations (13a,b).

Scattering equations for AUT and probe are given by:

@ @ 2
bg = Tpap + \ ri(gyal(K)dg (A.26a)
o -@ (=1
w @ 2
big) - THEK)ay + J } st g, el (aL (A.24b)

e - jwm]

® o 2

by’ = Tp'ap’ + \ R Lgyar L(g)aR (A.24c)
- ea” {51
® @ 2
b iRy - T H(K)ay + I I } s' LI, mard@aL (A.24d)
-e “"J-l

With a proper choice of excitation the wanted equation can be derived.

Consider the excitation:

ag=-1; alg) -0
(A.25)
ag' = 0; a'd(®) = 6,461

This means: The AUT is transmitting and the probe is receiving from the
direction of the AUT, see also figure 6, page 1ll.
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With (A.22)

-ngbg” ~

since:

by~ |

§(-L-K) - {

is found:

I J e.e'dxdy

S

u

50

I j e.e'dxdy

S

S0

[ [asrar

s

"

So

I I e.¢'dxdy

s

I Iio-&o'd“odyo L

n
J J £9-29"d%qdYg
So

1 for i=j
0 else

1 for L~-K
0 else

(a’t(-p)pi(R) 1K =

I J,!o-!o'd"odyo E

n J tard (-pvdwriaL -
J- I%-ﬁo'“odyo L

[656C-L-K)b (L) 1AL -

bl

Page
A13

(A.26a)

(A.26D)

(A.26c)
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With the excitation according to (A.25), (A.24) yields:

blg) - Ti®)
bol - Rl i(K)

so (A.26a) transforms to:

I J e.e'dxdy

S

I I £0-80" 9%o%g
So

ti-p)

-noR’i(K) -

Page
A.l4

(A.27a)
(A.27b)

(A.28)

When both antennas are identical, the wanted equation is found to be:

noR(K) = -nI(-K)

(A.29)

since S and S, are the same in magnitude, see figure A4. It is obvious

that S = S; when the probe is a waveguide. For a horn antenna (see

dashed line in figure A4), the fields at the aperture can be found by

treating the horn as a radial waveguide (dotted line in figure A4)

radiating the dominant mode of the waveguide-feed [A7, pp.533-534; A8,

PpP.349}, so also in this case S = SO'
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R .

WAVEGUIDE € ) FREE SPACE
""""""""""""" kn . kz
—_—
k,
N

Fig.A4

A2

Antenna aperture

Relationship between complete transmitting and receiving

characteristic

In analogy with (21) (that is related to a transmitted wave), the

complete transmitting characteristic is given by [A9, p.12]:

£® = kTN (1 + T2(R)e 100 (a.30)

In analogy with (7), that gives the transmitted field of an antenna, the

received field is given by:

E(x) -

-0 0

8
8

J [aM(B)Ey " (K.2) + a2(K)Ep (K.B) Idk,dk; (A.31)
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With (6a) and (6c) the integrand can be written as:

al(K)E; (B.1) + a®(B)EK.2) =
- 1al®) (&) + kvla,) + a2(R)Kplexp(+ik.T) (A.32)

This means that the received transverse field Et(;) is given by (2,
p.91):

E (D) -J j fal(g)

Ky + o2 (R)Ky]exp(+Jk.D)dk,dk -
- I A(K)exp(+jk.r)dk,dk, (A.33a)
with:
A - al®)K) + a2(R)K, (A.33b)

Now assume that reception from only one direction takes place, then:

E. () = A(K)exp(+ik.p) (A.34)
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with (13a):

® ‘2
i
bo = To2g + J Lgln ®)al (B)di,dk,, =

- Tpag + I I R(K) -A(K) diydky, =

-®

= Fpag + R(K)-A(K) (a.35)
reception from one direction

with A(K) as defined above and:

R(K) = RL KX + R2(R)K, (A.36)

To avoid confusion with vector A as used in paragraph 2.2, A(K) in
(A.35) will be rewritten C(K):

by = Tgeg + RK).C(K) (A.37a)
S®) = LRk, + c2RIK, (A.37b)

Vector ¢ is given by (compare with (21) ):

e = cHRIEy + Ky la,] + c2(B)Kp: Ky = -7 (A.38)

kz = -y because the wave is incident upon the antenna.
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With (5) and (22):

8| (k) = [1/KK] (2 xE)xk =

-[1/KK)kx(8,xK) =

-[1/kK]) (8, (k.K) - K(k.a3,)} =

-11/kK] (K%a, + 1K) =

-([K/kla, + [v/K][K/K]} =

-[v/k1Ey + Kv'lgz) (A.39)

and thus equation (A.38) becomes:

c® = -lk/vlcl®a) + 2®)a 100 (A.40)

The complete receiving vector r(K) is found from the requirement [A4,
p-125]):

R(K).C(K) = £(K).c(R) (A.41)

(which states that z-components are redundant in describing the

electromagnetic fields). Equation (A.37) gives:

2K - -[v/kIRY®a (0 + RE®)a 10 (a.42)

This can be checked by substituting (A.42) in (A.37):

£(K).c(R)

€ -1/RN B (B + R2(B)a 1(K) ).

N -[k/'r]cl(l)ni(k) + c2(®)a 1By ) -

RUE®)L(B) + RE(K)c2(R) -

( RMEIE; + RAKIK, 1. ( LRIk, + c2(RKy) -

R(K) .C(K) (A.43)
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Note that the following equation is valid too:

R(E).I(K) = £(B) .£(K) (A.46)

With use of (A.29), the desired relation between r(XK) and t(K) will be
derived.

According to (A.42):

MokE(®) = -ngklv/kIRL(E)a[(e) + nokk? (K L(k) =

(A.29)
= 4ngvnyn IrlRya (k) - ngknyng T2 (-K)a 1(k) -
1"0 | 0%"270

-y (/K [K/ITHCR)ag (B) - 0, kT2 (-K)a 1(k) =

= vlee/M) /K] /71T R (B) - 11/ (o) T2 (B8 1(k0) =

= Loer/k] [k/7IT B8 () - [/ (om) T2 (B)a L() =

= wl/TH®L ® - mTAER)e 100 0 = J(e/w) (A.65a)

In the first step above, use is made of:

Ny =~ we/y; oy = v/(ws) (A.45b)

Now, first the unity vectors !'(k) and g8 ) (k) are considered.
With (22) and (5):

2 1(k) ~Ky ~8, xK; =8, x K/K

> 2.1(k -2, x -E/K= -2 1(k) (A.46a)
2|k = Ky x 8¢ = 8 1(k) x Wk

b ;|(-k) -8 1(-k) x -k/k =

- -2 1(k) x -k/k - 1|(k) (A.46b)
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Equation (A.46) substituted in (A.45) yields:

nokE(®) =yt (kAT H-B)a)¢-B) + T2(-K)a 1K) ) -
- meC-K):  no= J(e/w) (A.47)

which is the equation searched for.
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A.3

[Al]

[A2]

(A3]

[A4)

(A5]

[A6]

[A7]

[A8]

[a9]
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APPENDIX B INTEGRAL EVALUATION [B1)

To be evaluated is the integral equation (37):

Pa(xy) = (wu)'lj I J I Im(mxu_:'xx(x'); - 2 )XUXEE))).

«@ =G0 =) =G =00 -

-(-8;)exp(+jk.x +jk’.r')dKdK’dxdy’ (B.1)

B.1 Evaluation

The vectors k, k', £ and ' can be written as:

k- kya, + kea, + kg, (B.2a)
kl - kx'!x' + kyl!yl + kz'!z' . (B.Zb)
E-xa, +ya, +z8, (B.2¢c)
' x'a’ + y’;y' +z's,’ (B.2d)

The two rectangular coordinate systems are shown in figure Bl (see also

figure 7).
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'
a a,
-y
a al a;
g" -7 -2 -X
Fig. Bl Coordinate systems

Figure Bl shows that:

8y’ = -y
&' -8y

8’ = -8,
and, consequently:

R
I' - .xl!x + y'ly - b‘z

(B.3a)
{B.3b)
(B.3c)

(B.4a)
(B.4b)
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and:

Lo = -z = (x+x')a, + (y-y')ay + (ath)a, -

= o8, + rOy!y + To.8, (B.5a)
o x' = Tox X3 y' = y-roy; b= Toz-2 (B.5b)

The variables x and y appear only in the exponential term of the
integrand. Integration with respect to them leads to:

8

8
]
8

exp(+jk.r +jk’'.r’')dxdy = exp(+jkxx+jkyy+jkzz+jkx'x'+

- -

+jky’y'+jkz'z')dxdy -
= expl-jk'.xg + ja(kz-kz'))l J exp(ix(k,-k,') + jy(ky+ky')dxdy

(B.6)

This is recognized as a double inverse Fourier integral. A single
inverse Fourier integral looks like [B2,p.19]:

L3

[1/(2#)]I exp(+jyf)dy = §(f)

-

(B.7a)

with 6§(f) the Kronecker Delta function.
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With (B.7a):

8

expl+in(k K, ') dx = 2x8(k, k') (B.7b)

@

Using this in equation (B.6) gives:

@ @

J exp(Jk-L + Jk'.x')axdy = (2m)2exp(-1k’ .z + jalk,-k,').

-tD -0

.J(kx-kx’)s(ky+ky') (B.8)

and this result is substituted in (B.1l) and integrated with respect to
k' and ky'. In accordance with the sampling properties of the Dirac
function (§), this leads to a simple evaluation of the rest of the
integral at k.’ = k.; ky’ - -ky. It will be noticed that the third

component of k’ is:

R M M TN N R (B.9)
and thus:
K~ -k (B.10)

Equation (B.l) can now be written as:

® o

Pp(xg) - ['mz/(wu)]J- I E(K)xtkxg(-K) +

+ 2(-E)x(kx£(K))].a,exp(+]k L) I (B.11)
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in which use is made of;

B o= doiay + ke = k(e + -kyay = -E

(B.12)

Page
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APPENDIX C METHOD OF STATIONARY PHASE
Consider the function I:
@ ®©
I- J f(x,y)exp{jkg(x,y) }dxdy (C.1)
- -

For a large k, the phase of I will vary rapidly and, under the condition
that f£(x,y) is a slowly varying function, I will tend toward zero when k
approximates infinity.
I1f, however, there are points where g(x,y) is stationary, that is
Vg(x,y) = 0, the term exp{jkg(x,y)) will not vary rapidly in the
vicinity of these points and the main contribution to I will be
delivered in these points. By expanding the functions in I around these
points of stationary phase, an approximation of I is found. According to
[Cl, pp.28-38) the approximation of I, Igg is:

Igg = [27£/k][[Det(Gy) | 171/ 2exp(] [ke+(n/6) (sgnlgyyyy ") +

+ sgngygu’ )11 10, w20 (¢.2)

with:

Det(Gu) - sxx"syy" - sxy"gxy" -

52 52 5% 52 .3
Sxéx §ysy §x8y ' §x8y '




-

TNO report
Appendix C Page
c.2
avbe
[ Bulul’’ O } [ cosd -sind ][ Bxx' ' gxy" ]{ cosf sing ]
0 5u2u2" sind cosé gxy" gyy" -sinf cosé
(C.4a)
or:
Bulul’ | = Byx’ cOSZ0 + gyy"sinze - 2g,,‘cospsin (C.4b)
3u2u2" - gxx"sinzﬂ + gyy'rcosze + ngy"cosesina (C.4c)
L e ’ 2 2
0 - (gxx 'gyy )sinfcoséd + gxy' (cos“8 - sin®g) (C.4d)
Equation (C.4d) ylelds, see also [Cl, pp.28-38]:
'1 [ Ll L)
6 = (1/2)tan [2gxy /(gyy - By’ V] (C.5)
To apply the theory above, equation (52) is rewritten:
o @
E(@D - I Ii(kx.ky)exmjrg(kx.ky))dlg(dky (C.6a)

-~ =~
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with:

£(ky k) = £(B) (C.6b)

s(kx'ky) = kx/r + kyy/r + k,z/r (C.6c)

The derivatives with respect to kx and k, are found to be (with k, =

y
2 2 2 .
Ja? - k2 - kD

By’ | = - 12/E100,7 + g 2) /3 (C.7a)
Bryky = -IZ/r][(kzz + kyz)/kz3] (C.7b)
Bkxky '~ '[z/rllkxky/kz3] (C.7¢)
So:
Det(G,) = gkxkx 5k¥ky * Bkxky Bkxky =~
- 122722 1 /4 (C.8)
8 = (1/2)tan L2k k/ (kg2 - k2] .9

The stationary phase is found for Vg=0. This implicates:

Vglky ky) =0 = k=Ko = ka, (C.10a)

Page




TNO report
Appendix C Page
C.4
This is true because:
g §g
Vg(k, k) = 8, + ——a
y X y
kx 6ky
X z y k z
. Tl — s
. r kz r r - x
-0 (C.10b)
or:
» Yy
k, = kz———; ky - k,— (C.10¢)
z z
kz follows from:
2 2
2 .2 2 2 2 2, X ty
k, = k¢ - k< - ky - k“ - kz (-———;7-——) (C.10d)
or:
ky = k/(22/(x%4y%22)) = K[z (C.10e)
Substitution in (C.10c) yields:
kx - ki{x/r]; ky = ki{y/r] (C.10f)
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so: k and r have the same direction. This means for (C.8):

Det(Gy) = [22/r2](k2/k,%) = (1/ky 021 (kg2/k 021 (22/02] =

2 2 2 2 2 2 2,.2,.2
(1/k,0° 1 [ (kyq +ky0 +K,0) /kyg“1[29/(x 4y “+29) ] -
[1/k202][(kxoz*ky02+k202)/k202][kzoz/(kx02+ky02+k202)] =
1/k,02 (c.11)

Equation (C.7) substituted in (C.4) with x and y replaced by kx and ky,

respectively, gives:

Butal’’ = -[2/(k D1 (K,7 + (kcost - kising)?] (€.12a)
Buza2’’ = -12/(x ) 1[k,% + (kycost + ksing)?] (C.12b)

Because r = /(x2+y2+zz) >0 and sgn{z} = sgn(kz} - sgn(kZB), for k,eR
(the latter following from (C.10) ):

sgn(gulul"l - sgn(guzuz") - -1 (C.13)

and so (C.6) becomes:

ED = [25/2]18B) [ 1/ky02 | 171/ Zexp [x (K x/E + kyY/ + kyz/r) +
+ (x/6)(-1-1)]) =

+jkr
e
= -j2nkcosft(K)——— (C.14)
r

in which use is made of:

keox + kyoy + k02 = Kg.k = ka .ra,. = kr (C.15)
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